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[ERT 2 2 [ now 22z f (x) 2 R, (X) B - 2] there existsc, OR such that
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[#¥73: P (x) satisfies (1-x );2 P, (x )—ZX%F’H(X)+n(n+1)Pn(x) > A
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Definition: P,(x)= 23n|3; [(xz—l)n}

Property 1: P,(x) is a polynomial of ordem in x.

Proof:

. n
Since (x2 —1) = x> + lower order term,

X" + lower order term which is a polynomial inx of order

d" _(2n)! )
dx”(x _)

Property 2: There exists, R such that f (x) =Y ¢,R(x) for all polynomial f (x) of degreen.
k=0

Proof: This is done by second principle of mathecahtnduction onn. (you need

to assume the statement is true for@JL, 2,.. ,j to prove T (j +1))

Let T(n) be the statement.
For T(0), f(x)=c for some constant (since f(x) is a polynomial of

zeroth order). B,(x) =1 obviously. Hence f (x) =cP,(x) and T(0) is true.

Assume the statement is true fOr1, 2,.. ,j for some non-negative integey.

For, T(j+1), consider f (x) is a polynomial of degregj +1.

Since P " term in

.(X) is a polynomial of degregj +1 and there is nox

P (x),R(x)...upto P,(x), we can choose,,, such that f (x)-c,,P.;(X)

j+1
does not containx’** term.

Hence f (x)-c,,P.,,(x) is a polynomial of degree less thant1 (may not be

exactly j), and by assumptionf (x)-c,.,P.,(x) = Zl:ckF}((x).
k=0
»
Therefore f (x) :JZCkPk(x) and T(j+1) is also true.

k=0
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Property 3: P,(x) satisfies (1— XZ)W P,(x)- ZX& P,(x)+n(n+1)P,(x).

Proof: Start from conside(x2 —1)n and differentiaten+2 times.

Consider f (x)= (x2 —1)”.
Differentiate with respect tox, f'(x)= 2nx(x2 —1)n_1
Multiply both sides by(x2 —1) to get (x2 —1) f '(x) = 2nxf (x).

Differentiate once more to obtai(ﬂ— xz) f"(x)+2(n-)xf (x)+ af (x) = C.
Differentiate n times using Leibniz theorem, we get

(1—x2)3—X22Pn(x)—2x§l3n(x)+n(n+])Pn(x).

2

Property 4: whenm# n, .[_lle(x)Pn(x)dx:O; when m=n .[_lle(x)P (x)dx = il

n

Proof:
We first proof the case fom#n.
First cast the relation in property 3 into thisnfor

d d
-2 =) SR (9] =n(n+ 983,
Multiply by P,(x) and integrate,

d

n(n+1)[* Py ()P, (x) dx= —flpm(x)&[(l_ ) Lp (x)}dx

X
d

1
1
_ {(1- <) pm(x)&a(x)L+ [} (1-¢) B, (%) P, (x) o
1
:.[_l(l—xz)Pm (x) B, *(x)dx
Note that the right hand side is symmetricnmn so that

n(n+1)j_11p (x)pn(x)dx:m(m+1)j_11pm(x)pn(x)dx

m

If n#m, then the integralj'_l1 P.(x)P,(x)dx must be zero.
The case ofm=n s tedious, the basic strategy is to do integraltip part n times
and reachingj'_ll(l— x2)n dx, then evaluate the integral. The calculation igytey

and hence skipped.
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Property 5: for any polynomialf (x), Lf (x) B, (x)dx = ] .[-1()(2 —1) de.
Proof: This requires an important resuh(%(x2 —1)n = d: (x2 —1) =0
dx L ax N

for m<n. (which is 0511 Q10(b)).

This can be proved by considerir(gj(2 —1)n =(x+1)"(x-1)", which upon

differentiating m times (m<n) must remain factors of x+1)(x-1) in each

term. Hence the value evaluatedx@t -1 or x=1 must be zero.

To prove property 5,

[L ()R (x)ax=— ] 1 (X)s_);(xz_l)k N

dk ) K _ dk—l ) K .
Note y(x —1) dx = d{dx"‘l (x —1) , hence we can integrate by parts to get

1 1 dk—l K 1 1 1 ' dk—l K
J'_lf(X)R(x)dx=2kk!{f(X)W(xz—l) L—WLf (X)W(xz—l) dx

L (e £

Basically we do integration by parts times to transfer all the::— from (x2 —1)k
X

to f(x).

Text: Ko Tze



